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Abstract. We present a strategy for the systematization of manipulations and calculations involving
divergent (or not) Feynman integrals, typical of the one-loop perturbative solutions of QFT, where the use
of an explicit regularization is avoided. T'wo types of systematization are adopted. The divergent parts are
put in terms of a small number of standard objects, and a set of structure functions for the finite parts
is also defined. Some important properties of the finite structures, specially useful in the verification of
relations among Green’s functions, are identified. We show that, in fundamental (renormalizable) theories,
all the finite parts of two-, three- and four-point functions can be written in terms of only three basic
functions while the divergent parts require (only) five objects. The final results obtained within the proposed
strategy can be easily converted into those corresponding to any specific regularization technique providing
an unified point of view for the treatment of divergent Feynman integrals. Examples of physical amplitudes
evaluation and their corresponding symmetry relations verification are presented as well as generalizations
of our results for the treatment of Green’s functions having an arbitrary number of points are considered.

1 Introduction

The framework of quantum field theory (QFT) has, un-
doubtedly, become the main tool for the phenomenological
description of fundamental interacting particles. Within
this formalism, in principle, it is possible to investigate
the physical consequences of any set of symmetries for the
dynamics of any set of interacting fields. We have at our
disposal a clear prescription to construct the corresponding
Lagrangian density which is simultaneously invariant under
space-time, global and local gauge symmetries that are sup-
posed to be relevant. After this, the associated equations of
motion for all the fields can be derived from the variational
Hamilton principle. The solution of the equations thus ob-
tained would allow us to describe in a detailed way all the
pertinent physical processes. Unfortunately the last step
cannot be performed in practical situations and we need to
have recourse to perturbative methods for the solutions.
The predictions are stated to a previously chosen order
in the perturbative parameter. A set of Green’s functions,
which allows the connection among the external particles
characterizing a specific physical process, needs to be evalu-
ated. Such Green’s functions are constructed following the
corresponding Feynman rules involving propagators, ver-
tex operators and combinatorial factors. Given the small
number of ingredients, the perturbative amplitudes possess
very general and common mathematical aspects. Thus it
is possible to expect that the necessary manipulations and
calculations may admit some systematization, in order to
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simplify the handling of the results for the finite as well as
for the divergent parts of Feynman integrals.

Given the fact that almost all the definite predictions
of a QFT go through the evaluation of perturbative am-
plitudes some manipulations involving divergent Feynman
integrals are always necessary, an eventual simplification of
such procedures would be very useful. This is precisely the
purpose of the present contribution. We propose a calcula-
tional strategy [1] involving two types of systematization.
The first one refers to the manipulations of divergent inte-
grals which are made without adopting an explicit regular-
ization so that the performed steps are also useful for the
reader who wants to use a specific regularization technique.
The results which we will present can be easily converted
to the ones corresponding to any regularization method
providing the evaluation of a small number of standard
divergent objects [2]. The second type of systematization
refers to the finite parts. A set of functions which are suf-
ficient to write the one-loop physical parts of the ampli-
tudes is identified. Studying relations among such a class
of functions we will show that it is possible to reduce all the
amplitudes to a small number of mathematical structures:
one for each number of points or, equivalently, for each
number of internal loop propagators in the perturbative
Green’s functions. Clearly, this feature allows us to obtain
numerical results in a very simplified way, as we will show.

For the finite parts, we will also identify properties relat-
ing the referred functions corresponding to different number
of points, which substantially simplifies the verification of
symmetry relations involving perturbative physical ampli-
tudes. Besides, such a decomposition emphasizes in a very
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clear way physical aspects relative to unitarity which are
contained in the perturbative amplitudes as well as it allows
for a systematization for the study of several kinematical
limits of physical interest. Such studies can be performed
without the contamination of mathematically undefined
quantities, ambiguities or regularization dependence as is
usually made in the context of traditional 4D regulariza-
tion techniques. Within the context of the dimensional
regularization (DR) method [3], many of these undesirable
aspects can be avoided in a consistent way. Due to this rea-
son, a series of valuable works has been and continues to
be done in order to construct useful systematizations spe-
cially to one-loop Feynman integrals. In particular, many
years ago 't Hooft and Veltman [4] have derived a set of
useful formulas for scalar (one-loop) integrals. At the same
time Passarino and Veltman [5] studied tensor integrals
and proposed a way to reduce tensor integrals to scalar
ones. Alternative approaches were derived in [6-14]. This
subject gained new interest in the literature specially due
to practical limitations of the Passarino—Veltman approach
in the treatment of integrals in massless theories because of
infrared divergences. Another motivation is the increasing
complexity of multi-particle experiments made in colliders
which requires a more efficient systematization of one-loop
Feynman integrals with a large number of points (external
lines). In this direction there are many recent works in the
literature (see, for example [11-20] and references therein)
where the authors are worried mainly with the trouble of
massless propagators.

The present work is organized as follows. In Sect. 2 we
define a set of one-loop Feynman integrals which will be
considered in the discussions. The calculational strategy
used to manipulate and calculate the divergent integrals is
discussed, and the divergent standard objects are defined
in Sect. 3. In order to systematize the finite parts of the
integrals, in Sect.4 we introduce a set of structures and
present some of their relevant properties, which are useful
for a simple organization of the results for perturbative
physical amplitudes as well as for a systematic verification
of symmetry relations involving them. In Sect. 5 we perform
the calculations of Feynman integrals in terms of the intro-
duced structures for the divergent and finite structures. In
Sect. 6 we consider the explicit evaluation of perturbative
physical amplitudes which symmetry relations are consid-
ered in Sects. 7 and 8. Generalizations of our results to an
arbitrary number of points are presented in Sect.9 and,
finally, in Sect. 10 we present our final remarks.

2 Basic one-loop Feynman integrals

We start observing that all perturbative amplitudes after
performing eventual Dirac traces and/or other operations
related to internal symmetries reduce to a combination of
Feynman integrals. Some of them can be divergent struc-
tures. For the fundamental theories only a relatively small
number of such undefined objects needs to be treated. The
most simple ones are those with the most severe degrees
of divergence; the one-point function integrals, which we
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define as

&k (1k9)
L:I"M= | — 2" 7 1
( 15 1) / (211:)4 P(kl’m)v ( )
where P (ki,m) = (k + k;)> —m2. A cubic degree of diver-
gence can be identified in I, (k1) as well as a quadratic

one in I1 (k). The two-point functions, on the other hand,
can be written as combinations of the integrals

A4k (1; k*; k*EY)
I 'I“'IHV —_ 9 ? .
(25 2912 ) /(27[)4 P(kl,m)P(kz,m)

(2)

The highest degree of divergence, the quadratic one, ap-
pears in Iy, (K1, k2). For the calculations of three-point
functions we need to evaluate the structures

(13; I I8 Jg“)

_/ d*k (1; kM kR EY; kP EY E)
) (2n)* P (k1,m) P (ky,m) P (ks,m)’

(3)

Some of the above structures are finite and the degree of
divergence is not higher than the linear one. An analogous
definition can be given for the four-point function integrals

(s 1 10 14 1) (4)

B / A (L kR R RRRY R KRR RCRP)
B (27‘(2)4 P(khm) P(k‘g,m) P(kg,m)P(k4,m) '

The set of structures above is less problematic as far as
the divergences are concerned due to the fact that only
the logarithmic divergence is involved. In all previously
defined integrals k1, k2, k3 and k4 stand for the momenta
of the loop internal propagators which carry the mass m.
Such arbitrary internal momenta are related, in physical
amplitudes, to the external ones through their differences.
Given the divergent character of almost all structures de-
fined above, for the explicit evaluation we have to specify
some philosophy to deal with the mathematically unde-
fined quantities involved. Usually the calculations become
reliable only after adopting a regularization technique. Af-
ter this, in the intermediary steps, we invariably assume
some specific consequences for the results which are in-
trinsically associated to the properties attributed to the
divergent integrals by the adopted regularization. In the
final form thus obtained for the amplitudes in general, it
is not possible to specify in a clear way which are the par-
ticular effects of the adopted regularization for the results
or, in other words, to know precisely in what extension the
expression is dependent on the used technique. In order
to perform an analysis as general as possible of the prop-
erties of divergent amplitudes, including their symmetry
relations and the question of ambiguities related to the ar-
bitrariness involved in the routing of the loop internal lines
momenta, we have to avoid, as much as possible, specific
choices in intermediary steps in such a way that all the
possibilities remain still contained in the final results. If
this is possible, we can change the usual focus of analy-
sis, which is the verification by testing the consistency of
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the adopted regularization technique, to the identification
of properties such a technique must have in order to be
consistent. Having this in mind, we describe in the next
section the calculational strategy we will adopt.

3 The strategy to handle
divergent Feynman integrals

Instead of specifying a regularization, we will adopt an
alternative strategy [1] to perform all the calculations. To
justify all the intermediate manipulation, we will assume
the presence of a generic regulating distribution only in an
implicit way. This can be schematically represented by

/(d4];4f(> /(d4];4f( >{Aglm Ga, (k,A?)}

d4k
- /A 1) (5)

Here the A; are parameters of the generic distribution
G(A2, k) which in addition to the obvious finite character
of the modified integral must have two other very general
properties. It must be even in the integrating momentum k,
due to Lorentz invariance maintenance, and a well-defined
connection limit must also exist, i.e.,

lim Gy, (k2,/112) =1

A~>oo

The first property implies that all integrals having odd in-
tegrands vanish, while the second one guarantees, in par-
ticular, that the value of finite integrals in the amplitudes
will not be modified. Note that these requirements are com-
pletely general and are in agreement with any reasonable 4D
regularization. After these assumptions we can manipulate
the integrand of the divergent integrals by using identities
to generate a mathematical expression where all the diver-
gences are contained in momenta independent structures.
Due to the fact that in perturbative amplitudes we always
have propagators, an adequate identity to achieve this goal
is the following;:

(k2 + 2;11 k) ©

(k+k)

N
Jj=
N+1

(—1)N+1 (k2 + 2k; - k)

i (k2 — m2)N T {(k k)P — mQ} 7

where k; is (in principle) an arbitrary momentum used
in the routing of an internal line. The value for N in the
above expression can be adequately chosen to avoid un-
necessary algebraic difficulty. It can be taken as the minor
value that leads the last term in the above expression to
a finite integral. As a consequence, all the momentum de-
pendent parts of the amplitudes can be integrated without
restrictions due to the connection limit requirement. In
the divergent structures this way obtained, on the other
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hand, no additional assumptions are taken, and (in the
present discussion) they are written as a combination of
five objects, namely

Daﬁuy
_ / d*k 24k, kkaks / Ak 4gagk,k,
4 (2m)" (k2 —m2)* @2m)* (k2 — m2)®
B / A"k Agavksk, / d*k  4gauksk, )
@2m)* (k2 —m2)® @2m)* (k2 —m2)*’
A
:/ Ak Ak,k, _/ 'k g (8)
A 2n)* (k2 —m2)?  Ja @2n)* (k2 —m2)?
A
/ d4k 2k k / d4k g,uv (9)
(2m)* (k2 —m2) (2m)* (k2 —m?)’

(10)

Liog(m / m2)2

. d4k 1
Tqualm )*/ (on)! Z—m?)"

It is important to emphasize that with this strategy it be-
comes possible to map the final expressions obtained by
us into the corresponding results of other techniques, due
to the fact that all the steps are perfectly valid within
reasonable regularization prescriptions, including the DR
technique. All we need is to evaluate the divergent struc-
tures obtained in the specific philosophy which we want
to contact.

Another aspect of the procedure is the similarity with
the R-operation [21]; in the BPHZ [22] method with the sub-
traction procedures made in the dispersion relation tech-
nique. The identity (6), which addresses such a similarity,
does not play crucial role but is only used to put the in-
tegrals in the desired form; the total dependence on the
internal momenta must be located in finite terms. For this
purpose any mathematical identity or procedure which al-
lows us to obtain the appropriate structure is adequate.
Subtraction procedures or a Taylor expansion in internal
lines momenta are certainly efficient tools.

In order to conclude this section it is interesting to call
the attention to another and crucial point, which refers to
the consistency of the regulator. The two properties as-
sumed, even in loop momentum and connection limit, are
very general and must be fulfilled by all reasonable regular-
ization. The conditions to be imposed over a specific choice
for the regularization will emerge, in our procedure, in con-
straints stated to the basic divergent objects V.., Uaguw,
and A, 3 defined above, as will become clear in future sec-
tions. This aspect is extensively discussed in [2].

(11)

4 Basic structure functions for finite parts

As a consequence of application of the procedure described
in the preceding section, we will invariably get finite inte-
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grals. After solving them, a careful analysis reveals that it
is always possible to identify a set of basic functions, one
for each number of points of the corresponding Green’s
functions. Such basic functions carry important informa-
tion about general QFT aspects in perturbative solutions,
like, for example, unitarity. Besides, due to the Ward iden-
tities, there must be relations among such basic functions
corresponding to different number of points of the associ-
ated Green’s functions. In addition, once we know that it is
always possible to reduce all the tensor Feynman integrals,
for each number of points, to only one scalar integral [5] it
is expected to find the corresponding reduction at the level
of the basic finite structure functions. Such a systemati-
zation could be very useful in the perturbative evaluation
of the one-loop amplitudes in all theories and models just
because in this type of reduction no handling of divergences
is involved. In what follows we define such a set of struc-
ture functions and present the properties which allow a
very simple systematization of the results for the Feynman
integrals defined in (1)—(4) which we present in Sect. 5.

4.1 Basic two-point structure functions

The Feynman integrals having two denominators, defined
in (2), after the use of the procedure described in Sect. 3,
present finite integrals. In order to write the results in as
simple as possible a way, it is convenient to introduce a set
of basic functions which we define as

Zp(p?,m3,m3; \?) = /O1 dz [z¥] In (prg)) . (12)

where Q (p, z) = p*x(1—z)+(m3?—m3)x—m?. In the above
definition, p is a momentum carried by an internal line or
a combination of them, m; and mso are masses carried by
the propagators and A is a parameter with the dimension
of mass, which plays the role of a common scale for all
the involved physical quantities. In order to simplify the
notation, from now on we will adopt Zj (p2, m?,m2; m2) =
Zo(p*;m?) once we are dealing with only one species of
intermediate fermion.

The integration on the Feynman parameter z can be
easily performed. Proceeding this way we can write the
results as

h (p2; m2)
ZO (pQ; m2) =-2- 2p2 ) (13)
h (p*m?)
Zl (PQ;m ) =-1- 4p2 ) (14)
Zy (p*ym?) (15)
_ 12 (»*-m?)  (p*-m?) 2.2
__E_ 3p2 - 6p* h(p,m),
where h(p?; m?) possesses three representations:
(i) p? <0:
h (p2; m2) (16)
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_QJ?Mm{ %\/g}

(i) 0 < p? < 4m*:
/2
h (p*;m?) = —4+/p2\/4m?2 — p? arct SN2 )
(p*;m?) p2/4m? — p arcan{ 4m2—p2}

(17)
(iii) p* > 4m?*:
h (pQ;m2)
o R L VI VP A
VP2 +/p? —d4m?
+2imy/p?\/p? — 4m?, (18)

where we see that the function h(p?; m?) develops an imag-
inary part as is required by the unitarity. Given the ex-
pressions above, it is immediate to identify the relations
among the Z,(p?; m?) functions having different values for
the index k. The first of such relations are

1
Zy (p*ym?) = 570 (p*;m?), (19)
12 2
2o (m®) = — g5 + 34 (F5m®) = 55 70 (5 m7)
(20)
1 3 2
Zs (%im®) = =57+ 1% (0F5m®) = 55 20 (F5m?)
(21)

which show that for two-point functions all the results can
be reduced to only Zy(p?; m?). Such kinds of relations are
specially useful in verifications of Ward identities involving
two-point functions.

4.2 Basic three-point structure functions

‘When the evaluation of the finite parts of the Feynman inte-
grals defined in (3) is in order, it is interesting to introduce
the following functions:

1— Ty
/ dl‘l/ deQ

where p and ¢ are momenta of internal lines or a combi-
nation of them, and

Ty’

gnm b, q
p7 x1;4, '1:2)

(22)

Q (p, w159, x2) = p°w (1 — 1) + ¢*22 (1 — x2)
—2(p-q)z12 —M
Before considering some important properties of the above
defined functions, it is also interesting to introduce an-

other set of functions related to that (see Sect.9). They
are defined as

Nam (. @; m?) (23)
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1— Xy .
/ dwl/ dzy [z In (Q(p7_96717;;17332)>.

The first important aspect related to the functions &,.,, (p, q)
(nm (p, ¢; m?)) is the reduction of all of them only in terms
of €00 (P, q) (Moo (p, ¢; m?)). Let us start with those for which
n+m = 1. The first of them may be 1 (p, ¢). After some al-
gebraic effort, which involves basically integration by parts,
we can write, for the case of equal masses,

€o1 (s q)
G () 5 o)
*HZO (q m ) (24)

+ q—QZo (p*m?) + <qqpq> €oo (P, )} :

-1
Here we define C; = p?¢? [102112 —(p- q)Q} . On the other

hand, &10(p, ¢) can be written as

flo(p,Q)
G p-qg—¢ 2., 2
- {5 A (o-0m)
p-q 1
= 520 (P*;m?) + EZO (g% m?)

+ (ppq) §oo (p, )} (25)
p?

In the last two equations above, we can note that both func-
tions are related. In fact there is a general property which
relates &um(p, q) to &mn(p, ¢) which is the interchanging
symmetry p <> q.

In order to give the corresponding explicit expressions
for the &,,,(p,q) functions corresponding to n + m = 2
it is interesting first to develop the 79o(p, ¢; m?). Such a
function can be written as

noo (p, ¢;m?)

= %Zo ((p — q)g;mQ) - [; +m*&oo (p, q)]

5760 (1,0) + 501 (p.0). (20)

Now the explicit form for the function €20 (p, ¢) and &2 (p, q)
may be given by

o2 (P, q)

(27)
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and €20 (p, ¢) = &02(q, p). On the other hand, we note that
¢11(p, q) admits two alternative forms. The first is

11 (P q)
C;l {2—])1 [Zo ((p —q)® ;m2) — Zo (q2;m2)}

D —

+ (pppq> €ot (p, )},

while the second one is obtained by interchanging p <> q.
Next we can give explicit expressions for the &,..(p,q)
functions for n + m = 3. For this purpose it is convenient
first to develop the 7, (p, ¢; m?) functions for n +m = 1.
We get

(28)

q;m?)

{iZO (0-0*im?) - E +m*&io (p, q)}

710

Wl N /\

+%q2£11 (p.q) + %p%o (p, q)} , (29)

and 11 (p,q;m2) = no1(q,p;m?). Now we first write
&30(p, q) as
&30 (P, q)
Ci [(p-q) 2. 9 2. 2
2{ = [22 ((p q)";m ) Za (p*sm )}

1% [ ( ;mQ) — 210 (p7q;m2)}

+ (p(pq)) &20 (s Q)} )

and &o3(q, p) = &30(p, q). On the other hand, &1 (p, q) can
be given by

€21 (P, q)
= % {qlg [Zg ((pfq)Q;m2> — 7y (pQ;mQ)}

[ ( 2) —2mo (p. s m2)]
(

( )>€2o(p, )},

and &12 (q,p) = &21(p, q). At this point it is interesting to
note that the functions &, (p, ¢) corresponding to a certain
value for n 4+ m are written in terms of those having the
summation n + m decreased by one unity, which are then
given in terms of those corresponding to n + m decreased
by two units and so on until in the end, all of them are in
fact combinations of Zj(p?;m?) functions (which can be
reduced to Zy(p%; m?)) plus &yo(p, q). In special kinematical

(30)

(31)
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situations the function &po(p, ¢) can be decomposed in a
summation involving Z(p?;m?) having negative values
for k. A simple illustration can be given in the situation
p? = ¢*> = 0 (external massless particles on the mass shell).
In this case we get

Z_1(S;m?)

oo = 5 )

where S = —2(p - ¢). However, in general 4o(p, ) can be
written in terms of Z_j(p?; m?) plus a term which cannot
be decomposed into two-point functions structures in all
the kinematical situations. For the purposes of the present
work we will not need such kind of relations. At this point
it is interesting to observe, given the preceding comments,
that the functions &, (p, ¢) possess imaginary parts with
thresholds at the kinematical points (here m1, mq and ms
are masses carried by the propagators),

p* = (m1+my)?, (32)
¢* = (m1 +m3)?, (33)
) )

(p—q)* = (ma +ma)?, (34
which can be easily noted in the decompositions of &, (p, q)
corresponding to a specific value of n+m in terms of those
having n +m — 1, where the functions Zj(p?; m?) appear
with their thresholds. Such properties, as it is well-known,
are required by unitarity: the amplitudes must develop
an imaginary part at the kinematical point where both
particles at a vertex are on their mass shell. It is also
important to note that the &,.,(p,q) functions are not
defined at the kinematical points where one of the momenta
is taken to zero or at the kinematical situation where both
momenta are equal. This fact can be easily noted if we
observe that, in these situations the functions &, (p, q)
become derivative of Zj (p?; m?) which is not defined at the
complex threshold. Such situations are related to soft limits
for the external particles. After these important remarks
we now consider some properties of the &, (p, ¢) functions
which are very useful when Ward identities verifications
are in order. For these purposes it is interesting to note
that some combinations of the explicit expressions given
for &,m (p, ¢) functions are reduced to simple expressions.
They are

(i)n+m=1

71 (p.q) + (P q) &0 (1 Q)

=52 (0~ )% m?)

+%Z0 (p*m?) + %q2§oo (p.q), (35)
(i) n+m=2
o2 (p, ) + (p- q) &1 (p. @)
= 1% (-0 sm?)
+%7700 (p.¢;m?) + %qQSm (p,q), (36)
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7*&11 (p.q) + (p- q) €20 (9, )

= —%Z1 ((p—q)2 ;m2>

1 1
+521 (Pm*) + 50%0 (P 9),

(iii) n+m =3:

&1 (pq) + (p- q) €30 (P, q)

= 52 (0~ sm?)

1 1
+5% (p*m?) + 5612520 (p,q),

&3 (0,0) + (p- @) €12 (p. Q)
1

=52 (- im’)

+1o1 (pa Q;m2) + %q2502 (P, q),
&2 (pq) + (p- q) €21 (p, q)

= %Zz ((p— q)2;m2) —~ iZo ((p—Q)z;mQ)

1 1
+5mo (paim?) + 5% (p,q) - (40)
In addition, it is also useful to note similar relations in-

volving the 7, (p, ¢; m?) functions like, for example,
¢nor (p, sm*) + (p- @) mo (p, s m?)
=—(p—9q)’
X [Zz ((p —q)° ;m2> - %Zo ((p -9 mQ)]

1
422 |20 () - 120 ()|

1
+5¢% 00 (PG M%) - (41)
Another set of relations can be obtained by changing p <>
q in the relations above and using the properties of the
functions &, (p, ¢) and 1, (p, ¢; m?) under this symmetry.
As an example consider the relation (35) with the change

p <> ¢. In this case, since &o1 (p, q) <> &10(p, q), oo and Zg
remain unchanged, we get

p*10 (p,q) + (0 @) o1 (P, 0)

1 1
= =52 ((p—q)2 ;mQ) + 5% (¢ m?)

1
+ 5000 (p,4) - (42)
Furthermore, note that when on the left hand side we have
&nm(p,q) having n +m = 3, on the right hand side we
will have only functions with n +m = 2, and so on. Such

type of structures are precisely the expected ones when
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the Ward identities are considered. It is clear that other
functions corresponding to higher values of n and m, and
analogous relations among them can be obtained. In the
final section, Sect. 9, we will show how to generalize all the
above functions and their relations to an arbitrary number
of points. For the present purposes the &,,,(p,q) given
above will be enough.

4.3 Basic four-point structure functions

In the same way that the explicit calculation of three-point
functions admits a systematization in terms of &, (p, q)
and 7, (p, ¢; m?) functions, it is possible to introduce an
analogous set of basic functions. They are defined as

Cnml b,q,T (43)
1—z; l1—z1—x2
/ dI1/ dx2/ dmg
X 55
(@ (p, 713 g, T25 7, 3)]
gnml p,an (44)

1—zq l1—xz1—xo n .M .l

7Ly T
/ dml/ dxg/ dzs 172 73 ,
Q(p,lj;q,xz;’l",lﬁ)

Nnml pvqar m )

1—x, 1—z1—22
/ dlL’l/ dxg/ dxg

% [x’izxgzxé} h’l <Q(p7:r1;q,x2;r,x3)> ,

(45)

—m?2
where

Q (p,x1;q, w257, 3)
= p*z1 (1 — 21) + ¢*x2 (1 — 22) + 1’23 (1 — 23)

—2(p-q)x1we —2(p-1)x123 — 2(q - ) T2T3

—m2.

All the functions of the set (nmi(p, ¢, ) can be, in the end,
reduced to the most simple ones, (oo (p, ¢, ) and (more &yg
and Zy functions). The functions &, (p, ¢, ), on the other
hand, can be reduced to &noo(p, ¢, 7) (and 1gp). As examples
of such reductions let us consider those corresponding to
n+m+ 1 = 1. They can be written as follows.

(i) Functions Cpmi:

C100 (p7 q, 7")

= o5 { [ = (a-1)?] [goo (5:) = 00 (0.7)]
+[p-r)(qg-r)—r*(p-q)]
% [€oo (5, =) — &oo (P, 7)]
+ @) (g-r) = (p-7)] [€oo (u,t) — &oo (P, )]

727
+ [pz (qzrz —(q- T)z)

+¢° ((p-r)(qg-r)—=r*(p-q))

+* ((p-9)(g-7)—¢* (p- T))]Cooo (p,q r)}- (46)

Note that COlO (p7qu) = ClOO(qap7 T) and COOl (p7 Qar) =
C100 (1,9, ) - In the above expression we have defined

2 =2{p’¢** +2(p-9) (p-7) (q-7)

-p*(q-r)° - ¢ (p‘r)z—rz(pq)z},

ands=p—q,u=p—randt=q—r.
(ii) Functions &,m;:
&100 (P55 7)
=yt { [qzrg —(q- T)Q}
%[00 (¢.75m*) — 1100 (5, u3m?)]
+o-r) (@)= (-9
%[00 (p 73 m?) = oo (s, —t;m?)]
+l-a)(@-r)—a@p-r)]
%[00 (P ¢ m*) = moo (u,t;m?)]
+{p2 (quz —(q- 7’)2)
+¢* ((p-r)(g-7) =7 (p-q)) (47)

) 7"))}5000 (pvq,T)}

= &100(q, p, ) and &oo1 (P, q,7) =

+* ((p-9)(g-m)—¢*(p

Here we have &p10 (p, ¢,7)

5100 (7’7 q, p) .
(iii) Functions n,m:

Tlooo (p, q,7; mz)

(Mo (s, —t;m?) +noy (s, —t;m*) + 1o (s, u;m?)]

211

316

_1

3
2 1 2

+m=&ooo (P q,7) | + 3P 100 (P, q,7)

1
+ §q26010 (pa q, T)

1
+§7“2€001 (P q,7), (48)
1100 (p,q,r;mz)
1
=1 (710 (s, —t;m?) — nn (s, —t;m?)
+ M0 (u, t;mQ) — M1 (u,t;mQ) — 720 (u,t; m2)]
1(1 2
5 g t™ *&100 (P, 4,7) | + %5200 (p,q,7)
e 2
+Z§110 (p,q,r) + 25101 (p,q,7)- (49)
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Again we can note that +%7701 (u, t; m2)
2 2
Mo10(p, 4,73 Mm%) = 1100(q; p, 7M7), 1 1
+5m000 (P, 0,75m%) + 577001 (P 0,7) (56)

and 1001 (p, ¢,73m%) = n100(7, ¢, 3 M?). ,
The systematization obtained through the functions r°§o11 (P g, 7) + (7 @) €020 (P, 4, 7)

Cnml (p7 q, T)v gnml (p7 q, ’I“) and Tnml (pa q,7; m2) is enOUgh .
to write all four-point amplitudes. In order to verify the +(r-p)&uo (p,a,7)

Ward identities some properties of these functions are useful _ 1 (u + mz) + 1 (p a; m2)
too. For the present purposes the following properties are g o1\t &5 9oL \P G
sufficient: 1,
i)n+m+i=1 +§T €010 (P g5 1) - (57)
(- p) Coo (P, g;7) + (1 q) Cor0 (Ps g;7) (iii) n +m+1 = 3:
2
#7001 (P 0 7) (50) (p-7) Coo (0, g57) + (g 7) Cno (Pr g, 7)
1 1 1
= 5500 (u,t) — 5500 (p,q) + §T2C000 (P g;7) +7%C201 (g5 7)
1 1 1
(p-7)&100 (P, g ) + (q - 7) Eoro (P, q,7) = 560 (u,t) — 5520 (p,q) + 57"2@00 (p,q,7),  (58)
2
oo (P g7) GU - (q7) Gomo (,0,7) + (0 7) Grzo (9 0,7)
1 1
= =500 (u, t;m?) + 3700 (p, q;m?) +1r2Coo1 (P, q,7)

1 1 1
1 = - u,t) — = .q) + =72 ,q,T), 59
+§r2§000 (D q,7). 2502( ) 2502 (p;q) 5 Co20 (Ps q,7) (59)

TQCOO?) (p7 q, T) + (p . 7") 4.102 (pa q, ’I")
+ (q ' T) 4012 (pa q, ’I")

= %500 (u,t) — &0 (u,t) — o1 (u,t) + %520 (u,t)

(i)n+m+1=2:

(- p) Ca00 (P, q;7) + (- @) Cr1o (P g, 7)

+r%Co1 (p, g, 7) (52)
= %510 (u,t) — %510 (p,q) + %7"2(100 (p.q.r), o () + %502 (u,8) = Goor (P, ¢:7)
(- 4) Cooo (9. 4,7) + (r-p) G (P, 7) 37002 (praor) (60)
, o (p’i]’r) | (53) (p-7)Ca10 (prg,7) + (- 7) G20 (P2 g 7)
= 5801 () = 51 () + 57%Cor0 (P, 0,7, +r%C (p, g, 7)
Goo2 (p, ¢,7) + (- ¢) Gon (P, ¢, 7) = %511 (u,t) — %511 (p.q) + %TQCMO (p.q;7), (61
TP o (.g:7) (p-7) Gaor (p.0,7) + (0 7) Gt (py 0. 7)
= S0 (1,0) — 510 (u,0) — 3601 (1) #1102 (pr,7)
—%5000 (prg,7) + %7“24001 (p.q,7), (54) N %510 (w8) = %&O ()= %fu (1)
r?&101 (9, q,7) + (1 q) €110 (s 0, 7) —%floo (prg,7) + %7“2(101 (P q,7) (62)
+ (- p) &0 (P, ¢,7) (p-7) G (pg,r) + (g 7) Cozn (P2 g 7)
- —%Tho (u, t;m?) + %mo (p,@;m?) 1 +rCosz (p, ;”) )
o (). I
26002 (0, 7) + (- q) €11 (0 4, 7) = 58010 (P, 0,7) + 57%Con (p, ;7). (63)
+(r-p)&o1 (p,q,7) (iv) n+m+1=d

_ 1 t: 2 1 t: 2 2
= — 3o (“v M ) + 5o (“’ m ) 7°Cooa (P, ¢;7) + (7 - p) Cr03 (P, ¢, 7)
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+ (T. ! q) 6013 (pa q, T')

= %foo (u,t) — gfm (u,t) — 2501 (u,t) + gfzo (u,t)

+3&11 (u,t) + 2502 (u,t) — %530 (u,t) — 2521 (u,t)

3 1 3

—5512 (u,t) — 5503 (u,t) — 55002 (p.q,7)
.2

Jr;(oo:s (p.q,7),

7/.24-103 (p> q, T) + (T ' Q) <112 (pa q, 7")
+ (T. ! p) C202 (pa q, 7’)

= %510 (u,t) — &0 (u,t) — &11 (u,t) + %530 (u,t)

+621 (u,t) + %&2 (u,t) — &0 (P, g, )
2
+EC102 (pa Q7r) 5
%Co22 (p, ¢, 7) + (r - @) Cos1 (p, q57)
+ (T : p) ClQl (p7 q, T)
1 1 1
= 5502 (u,t) — 5512 (u,t) — 5503 (u,t)

1 r?
_55020 (pa q77’) + 54-021 (P7 q77") )

7%Co13 (g, 7) + (1 - @) Coo2 (P, q,7)
+(r-p) ¢z (pyg,7)

= %501 (u,t) — &1 (u,t) — oz (u,t) + %521 (u,t)

+€12 (U,t) + 3503 (U,t) - 5011 (pa Qar)
.2
+5<012 (pv q, 'I’) )
Gz (p,g,r) + (r-q) Giz1 (p,q,7)
+(r-p) 11 (p, g, 7)

= %511 (u,t) — %521 (u,t) — %512 (u,t)
1 r2
—55110 (p,q,7) + 5(111 (p.a,7),
G301 (0, ¢, 7) + (r - @) 10 (0, ¢57)

+ (T. : p) <4OO (pa q, T)
_ 1 1 r2
= 5530 (u,t) — 5530 (p,q) + 5(300 (pyq,7),

r%Cos1 (p, g, 7) + (r - q) Coao (P> q,7)
+ (7" : p) C130 (p7 q, T)

1 1 1
= 5503 (u,t) — 5503 (p.q) + §T2C030 (p.q,7),

(69)

(70)

T2<211 (p> q, T) + (T ! q) <220 (pa q, 7")
+(r-p) (1o (p, g, 7) (71)

1 1 1
= 5521 (u,t) — 5521 (p,q) + 57“2(210 (p,q,7),

T2<202 (p7 q, T) + (T ! q) <211 (pa q, 7”‘)
+(r-p) Go1 (p, ¢, 7)

= %fzo (u,t) — %530 (u,t) — %fm (u,t)

1 1
*55200 (p,q,7) + 57”24201 (p,q,7), (72)

%21 (9, q,7) + (- q) Giso (py g, 7)
+(r-p) G220 (P g, 1) (73)

1 1 1
= 5512 (u,t) — 5512 (p,q) + 57’2(120 (p,q,7),

Similar relations can be obtained for other components of
the set by exploring the properties relating these functions
which are the interchanges p <> ¢, p <> r, and ¢ <> r (anal-
ogously to the &, functions). The systematization allows
us to treat the perturbative four-point amplitudes in an ex-
act way. Let us now consider the evaluation of the integrals
(1)—(4) in terms of the systematization introduced.

5 Manipulations and calculations
of the Feynman integrals

Let us now evaluate the Feynman integrals defined in Sect. 2
following the procedure introduced in Sect.3. For each
Feynman integral we first separate the finite and diver-
gent parts and then, by solving the finite integrals, we put
the result in terms of the basic divergent objects and basic
divergent structure functions previously defined.

5.1 One-point Feynman integrals
We start by the one having the highest degree of divergence,

which, after choosing N = 3 in the expression (6), can be
written as

o d*k Qku (kl i k)
Ly (k1) = /A (2m)* [P (0,m))?

d*k 4g gkuk
RV ECED / Zdaphpiy
11 1{ A (21-(:)4 [P(O,m)]?)

- / Ak Skaksk,k,
4 2ot [P (0,m)]*
~ / Ak 6k} (ky - k) ky
@m)* [P (0,m)]"

[ Ak (42K k) R,
/ 2m)* [P (0,m)]* [P (kr,m)] } (74)
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Note the absence of integrals having odd integrands as a
consequence of the even character for our implicit regulator
and note that we have removed the subscript A on the
two last integrals as a consequence of the connection limit
requirement. The finite integrals this way obtained can
be solved by standard techniques without any restriction.
The result is an exact cancellation between them. With this
information, we organize the divergent parts remaining in
terms of the objects defined in (7)—(11). We write then

Iy, (k1)
1 o1,V
= —kip [Iquad(m2)] - kf [vﬁu] - gkfkl kY [Daﬁ/w]

1
3

1

KTkY [Au)] . (75)
It is important to note that this result is still compatible
with any regularization technique. If all the integration
is changed to 2w dimensions we get the result which we
could find by the DR technique at this stage. The remain-
ing steps, i.e., the value of the standard divergent objects,
need to be evaluated according to that technique. If we
want to use 4D regularization, like the Pauli—Villars or the
sharp cutoff one, all divergent objects present in the ex-
pression above need to be evaluated in the specific point
of view of the particular philosophy adopted. Another as-
pect which is important to emphasize is that there is no
assumption about the ambiguities at the point we arrived
in our calculation. The choices we need to adopt, which
are arbitrary once they are not dictated by Feynman rules,
become, in principle, necessary only after our final result.
We need a specific regularization method only when we
want to attribute a value to the basic objects in (7)—(11)
and different philosophies will differ only by these results.
In particular, the objects (1, A and V are obtained exactly
zero in the DR technique, and different from zero in the
sharp cutoff regularization [2]. In this work the discussion
of the value for the divergent objects does not play an
important role. Our intention is precisely to generate the
results in a way that they can be used in a posterior step
by all reasonable regularizations.

For the quadratic divergent integral in (1) we apply the
same recipe. Choosing in (6) the value N = 2 we get first

d*k 1
L (ky) = /A (@0 [P (0,m)]
. Ak dkuk,
+RY R {/A 0" [P (0,m)P
_/ A% g
A @) [P (0,m)]?

kK
+{/ (2m)* [P (0,m))?

(k? + 2ky - k)® }

B / d*k
(2m)* [P (0,m)]* [P (k1,m)]
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Again, we dropped an odd term and the subscript A on
the last two terms, which integration produces an exact
cancellation. Then the result is

Iy (k1) = [Tquaa(m®)] + K'Y [A] - (77)

5.2 Two-point Feynman integrals

Let us now consider the integrals having two propagators.
First the simplest one; the I integral which, following our
strategy, can be written as

Iy (k1, k2)
Ry —
2 2m)* [P (0,m)]?
7/ d*k (k2 4 2k; - k)
(2m)* [P (0,m)]* [P (ky, m)]
_/ d*k (k2 + 2k - k)
(2m)* [P (0,m)]? [P (k2,m)]
+/ Ak (k2 + 2Ky - k) (k2 + 2ky - k)
(2m)* [P (0,m)]* [P (ky, m)] [P (ka,m)]’

(78)

where we have chosen, in (6), N = 1 for the two denom-
inators involved, which is very convenient, although not
unique, since it maintains the symmetry in k; and k. The
divergent content of this integral is present in the basic di-
vergent object Ilog(mz). The remaining integrals are finite
and yield

/ A% (kF 42k - k)
2m)* [P (0, m)]? [P (ki, m)]

=i(4m) " Zo (kF;m?)
(79)
/ &k (k2 + 2k - k)(K2 + 2ks - k)
(2m)* [P (0,m)]* [P (ky, m)] [P (ka,m)]
=i(4m) "% [Zo (K2;m?) + Zo (K3;m?) — Zo (0% m?)]

(80)

where we have identified the basic functions for two-point
structures defined in (12) and defined the external momen-
tum p = ko — ky. Collecting the results, the logarithmically
divergent integral can be written as

I (p) = Liog (m?) —i(4m) "> Zo (p*;m?) . (81)

In order to evaluate Iy, (k1,k2) we first use the identity
(6) taking N = 1 for both denominators on the integral,
to obtain

IQ[L (klv kQ)
1 o d*k 4kok,,
= —§(k1 + ko) /A (2m)* m
/ d*k (kT 4 2k1 - k)%k,
(2m)* [P (0,m)]* [P (k1, m)]
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/ d*k (K2 +2ky - k)2,

2m)* [P (0,m))” [P (ka, m)]

+/ 'k (K} + 2 - R) (K3 + ks K)K,
2m)* [P (0, m)]? [P (k1, m)] [P (k2,m)]

(82)

Only an integral having an odd integrand has been removed
on the right hand side of the above equation, in addition to
the subscript A on the last three (finite) integrals, which,
after the integration, produce the results

/ d*k (k2 + 2k, - k)%k,
2m)* [P (0,m)]* [P (ki,m)]

=i(dn) ki Zi (K3 m?), (83)
/ A (k2 + 2k k) (k2 + 2k - KK,
(2m)* [P (0,m)]* [P (k. m)] [P (kz,m)]
= —1(471:)_2 [k1MZ1 (k%;mQ) + kop 2 (kg;mz)
— P, Zy (p*sm?)] . (84)

Here P = ki + ko is an ambiguous combination of the
internal arbitrary momenta. If we also consider the property
(19) we can write the result as

1 1
Iy, (K1, ko) = _§Pp [Aupl = ipu [Ilog (m2)]

. 51
+i(4m)~? 5 PuZo (0*m?) . (85)
Following strictly the same procedure as adopted on the
evaluation of the logarithmically and linearly divergent
cases, choosing adequate values for N in the identity (6),
after a long and tedious calculation, we get

-[2/1,1/ (kl, kZ)
1 1

= V| — —

1 e (0% [e3
5 (k8HS +RPRS + k7Y ) [Dapy]

P’ (4]

1 « (e} «
+6 (guaguﬂ + guﬁgua) (k2 kg + kl kg + kl klf) [ABP]

1 1
+§g;u/ [Iquad (m2)] - ﬁgMVPQ [Ilog (mQ)]

1
+6(2k2yk2u + klukZp, + klukZV + leuklu) [Ilog (mQ)]

+i (4m)~? {ipﬂpyzo (p*;m?) (86)

1
+ (pupv — gpup?) [—Zg (p*m?) + 1% (p*; mz)} } :
Note that by using the relations (19) and (20) we can elim-
inate Z5(p?;m?) in terms of Zy(p?; m?) which represents,
in our language, the reduction of the tensor integral to
that scalar.
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5.3 Three-point Feynman integrals

Now we evaluate the integrals with three propagators. The
first of them is finite and may be directly calculated. We
write the results as
. -2

I3 (p,q) = 1(4m) " &oo (P ) » (87)
where we maintained p = ko — k1, introduced the definition
q = ks — k1, and used the definition of the &, (p, ¢) func-
tions. The second integral we consider is finite too so that
it can be directly integrated by using standard techniques.
The result can be written as

I3, (p, q)

= =i (4m) 2 [puéor (p: @) + guéro (p, q)

+ k1,600 (5 q)) - (88)
The expression above represents an excellent opportunity
to make a comment. Given the results (24) and (25), the
equation above can be written in the form

i (471:)2 I3u (p> Q)

2
_ P P qg—p 2
2o { () 70 (0 0o

+ (T) €00 (p,Q)}

+k'1u§00 (pv q) . (89)
The expression above can be easily identified with the a
typical form of results obtained through the Passarino—
Veltman procedure. If the function &y (p, q) is identified
with the scalar integral I3, the above expression can be
viewed as a reduction of a vector integral to the corre-
sponding scalar one. The Zj(p?;m?) functions obtained
above are the finite parts of the two denominators inte-
grals resulting from the cancellation of one of such terms
when the scalar product of an external momenta with the
integrating momentum k is eliminated. Here no divergent
integral has to be solved. We put the result in the form
(89) by using properties of &, (p, ¢) functions.

The next integral of the set (3), which is I3, (k1, k2),
is logarithmically divergent and we need to rewrite the
integrand in the first step. We initially have
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Isp (K1, ka2, ks)
_ / K
4 2m)" [P (0,m)]?
_/ d*k (k3 42k - k) kuky,
2r)* [P (0,m))” [P (ks, m)]
_/ d*k (k3 + 2k - ko) kyky,
2r)* [P (0,m)]? [P (ky,m)] [P (ks,m)]
_/ d*k (k2 + 2k - k1) ko Ky,
2r)* [P (0,m)] [P (k1,m)] [P (k2,m)]
1
[P (k3,m)]’

X (90)

Solving the finite integrals we can put the results in the form

I3, (K1, ko, ks)

1 1

4 (Auw) + ngu [IlOg (m2)}

+i(4m) 2 {—;glwnoo (p,g;m?)
+pupvoz (P, 4) + 49620 (P; Q)
+ (Pudv + qupy) €11 (P, Q)}

— (Jua9vs + gupgva)

{at [ 0] - geal G} o

Now let us consider the linearly divergent structure, the
integral I3y, (K1, k2). The first step is to rewrite it using
identity (6) as we did above and next we solve the finite
integrals to write the result as

Iszpw (K1, k2, ks3)
= Iil‘))\;w (p7 Q) + Iéz\u v (Qap)
1
L 8+ £) Cone)

1
_E<
x (kY + kS +k9) (A7)

Gua9vBIny + Jva9rsduy + 9ra9us9v~)

1
~ 13 (Dragu + Gvagur + Guagav) (T + k5 + k)

X [Tog (m?)]
— (Jua9vB9ry + Gva9rs9duy + 9ra9us9vy)

i 17 0] = k4 13 00

F R [ )]}, (92
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with
Ii/’))\p,l/ (p7 q)

a1
=i(4m)~° {2 (9urPy + GuaPp + Guwba) o1 (p, @ m?)

— (PAPpay + PGPy + OAPupy) 12 (P, @)

—papupvéos (ps q) } (93)

In fundamental gauge theories the considered integrals are
enough to evaluate the one-loop amplitudes.

5.4 Four-point Feynman integrals

Finally, we consider the four-point function integrals. Only
one of them is a divergent structure which makes the job
easy. The first, the scalar one, can be written as

. -2
I4 (pv q, T) =1 (47[) COOO (pa q, 7“) ) (94)
where we have identified the four-point structure functions
previously defined in (43) and also the external momentum
r = k4 — k1. Next, it is immediate to see that

14;1, (p7 q, T)
= —1(4m) 2 [puCio0 (P ¢, 7) + @uCoro (P> 4, 7)

+ruCoot (0,4, 7)) — k1 [La (P, g, 7)) (95)
and that with two Lorentz index becomes

I4,u1/ (P» q, 7")
= Ié/l,uu (p,q,7) + Izll;w (¢,p,7) + L/l,uu (1,4, p)
- (g;wzguﬁ + guaguﬁ)

1
it [ 0] = SH I Gl (06
with
Ié/lp,u (p7 q, T)

. _ 1
= i(4m) : {69Wfooo (P, q,7) + PupvCa00 (P, q,7)

+q[LTl/<011 (p7q77’) + eruClOl (PJJJ')}- (97)

On the other hand,

Ly (p,q,7)
= Iéllp,u)\ (pa q, T) + szlp,l/ A (q’pv T) + [éll;w)\ (Tv q’p)
—(Gua9vBIry + Gvagrsduy + Ira9us9v~)

i [127 )] - 0 117 000
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1
+ 3R [ 7)1 (98)
where
Ié/l,ul/)\ (p7 q, 7")
= —i(4n)~?
1

X 5 (g/,uzp)\ + gy,/\pu + QVAP;L) 5100 (p7 q, ’I’)

+PuPuPAC300 (P54, 7)

+ (pupu(b\ + Puqupx + Q/_Lpl/p/\) C210 (pv q, T)

+ (pupu'r')\ + PuruP + Tuplfp)\) <201 (pa q, T)

+ (Puqur + Purvar) Gri1 (0, 7‘)}- (99)

The last one we consider is the logarithmically divergent
one, which we write as

I4;wo¢ﬂ (p, q, T)

1

Y] {Oasu] + gas [Au] + gav [Dusl + gap [Asu]}

1
+ﬂ (gaﬁg,uu + Gau9gpv + gayguﬁ) [Ilog (mQ)]
+‘[4/1/1,Vaﬁ (p7 q, ’I“) + Ié/l,u,l/aﬁ (qﬂp7 T) + Iﬁll/,wa 8 (T7 Qap)
- (gongﬁ'yg,urgu)\ + 98p9vyGarJur t Gup9BsyJur Jar
+ gupga’yg/n—gﬁ)\)

{0 (07 )] - 38T P )] (100)
1 1
—SRKT [ (b )] = SRERY 1T (1)
RO [T (9, 00)] — KRV [T (9, 7)) }
where
L/;,wag (1% q, 7’)

= Ié,ll;ujaﬂ (pa q, T) + Ié/llyuaﬁ (pa q, T) + Iéfllﬁuoc " (pa q, ’I“)

Ié/lluuaﬂ (p’ q, T)

o 1
=i(dm) {—ugaugﬁunooo (p.q,mym?)

1

+ 5 (guozpupﬁ + guﬁpupoz) 5200 (p7 q, ’I’)

1
+5 [9ua (@rs +71005) + 9us (Gura + 7uga)]

x&o11 (Ps q,7)

1
+ 3 PuPrPaPsa00 (p,q,7)

1
+{ §Tatndvds + rudvtads Cos1 (P, q.7)
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1
+ (SQaTMTVT,B + quTuTaTB) 4013 (p7 q, T)

+ (qHTVQO/FB + TMQVTQQﬁ) C022 (pv q, T)
+ (p;LQVpozrﬁ + PurvPads + quPrTaPp + Tupu‘]ozpﬁ)

X G211 (p,q,r)}. (101)

With the above results for the Feynman integrals at hand
we can perform all the one-loop amplitudes for one, two,
three and four fermionic propagators in the context of
fundamental gauge theories. In the next section we evaluate
some representative amplitudes involving vector vertices.

6 Physical amplitudes

In the preceding sections we have considered the evalua-
tion of the Feynman integrals introduced in Sect. 2, which
are crucial for the one-loop calculation in the context of
fundamental gauge theories like QED. All the integrals
have been written in terms of the set of divergent objects;
Oaguvs Dpvs Vi, Log(m?), and Igyaa(m?), defined in (7)—
(11) and in terms of the functions Zy (p?; m?), £ (p, q), and
Cami(p, ¢, 1) defined in (12), (22), and (43) for two-, three-
and four-point functions respectively. By using properties
relating the above cited functions, all one-loop amplitudes
can be reduced to a combination of only three basic pieces:
Zo(p*;m?), &oo(p,q), and Cooo(p, ¢, 7). In the present sec-
tion we evaluate some representative amplitudes of the
perturbative calculations by using the systematization in-
troduced in the preceding sections. We consider an example
for each number of points taking the amplitude correspond-
ing to the highest degree of divergence. With this attitude
we have an opportunity to use all the ingredients we have
introduced in our proposed systematization. In the next
section we consider the relations among Green’s functions,
ambiguities and Ward identities. First we adopt the very
general definition for such structures.

(I) One-point functions:

T (k1) _/d4kT T # (102)
R ACUE W VDN
(II) Two-point functions:
T (ky, ka) (103)

d*k 1 1
= Tr< I3, I, ,
/(Qﬂ)4 { P! (f1,m) P’(/‘»‘2,M)}
(ITI) Three-point functions:
Ti1i2i3 (k17 k27 k3)
d*k 1
= —Tr}, ——
| { P Ckm)

1 1

XFiQPI(/k27m)Fi3P/(ﬁ3,m)}. (104)
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(IV) Four-point functions:

iviigia (k1, ko, ks, ka)

d4k 1
:/ WTY{F“P%,W

XFi

(105)

1 1 1
I; I; ;
2P/(/k277n) SP/(/kI%m) 4P/(/k4,m)}
where .
[P’ (kiym)] " = (k+ ki) —m

is the spin 1/2 free-fermion propagator and I's = 1,
I'p =75, I'v. = v, I'a = Y75, and I'r = oy, are the
vertices. Now we consider particular examples belonging
to the general set of amplitudes defined above.

6.1 The vector one-point function
We start considering the evaluation of the Green’s function

containing only one fermionic propagator and the vector
vertex operator I'y = v,,

1 )= [ G i |

which, after the evaluation of Dirac traces involved, can
be written as

T, (k1) = 4{T1 (k1) + b [L (R}

(106)

(107)

where we have used the definitions contained in (1). From
the above equation we note that only two divergent inte-
grals have appeared, having cubic and quadratic degrees
of divergence, which have been considered in Sect.5. By
using the results (75) and (77) we get

1

S VBT R [Dapun]

TV (k) = 4 {—kf V] (108)

1 2
+3 KTEY [Au) + 3 F1ukiakig [A%7] } :

The amplitude, as promised, has been written in terms of
the objects belonging to our systematization. Let us now
consider an example of two-point functions.

6.2 The vector—vector two-point function

If one wants to consider a representative Green’s function
of the perturbative calculation, concerning the consistency
in the manipulations and calculations involving divergent
Feynman integrals, certainly there is no better one than
the vector—vector two-point function related to the QED
vacuum polarization tensor, which is given by

TVV

d*k 1 !
w (K1, k) :/W“{WP’uﬁ,mﬂ”Pf(ﬁz,m)}'
(109)
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After the traces evaluation we get
T,Yl,v (k1, ko) = 4{2 [Iop (K1, ka)] + P, (T2, (K1, k2)]
P, [Ty (R, o)
+ (kopkiy + kipkay) [Io (K1, k2)]}

+4gul/ [TPP (kla k2)] 3 (110)

where
TPP (kl, kz) = -2 {Il (k’l) + Il (k’g) 7])2 [IQ (k’hkg)]} .

Here we have identified the term proportional to g, , after
the traces for the V'V two-point function are taken, with
that corresponding to the PP amplitude. Such type of
decomposition is always possible and we will make use of
it in future calculations as a part of our systematization.

Next, in order to complete the calculation we substitute
the results obtained in Sect.5 for the involved Feynman
integrals, (77), (81), (85), and (86). The result can be put
in the simple form

Ty (ki ko)

4
= g (p2.guu _pupy)
. o1  2m? +p?
X {Ilog(mZ) - 1(475 ) 2 |:3 + szo (pQ;mQ)] }
+A, (ki, k), (111)
where we have defined
A;u/ (kh k2)
o B 1 1
== 4[v;w] +p p g [Daﬁ/w] + ggav [A,U.ﬂ}
2
o 1850] — g 18] — 2905 40
+ (paPﬁ — Po‘pﬁ)
1 1 1
{3 Dol + 3a (A0 + 5001401}
+Pap'6 {[D(Xﬁ/tl/} — 9up [Al/a] e [Aﬁu]
= 39w [Aapl} - (112)

Let us now consider a three-point function.

6.3 The triple vector three-point function

As an example of calculation of a Green’s function of the
perturbative calculations having three fermionic propaga-
tors, we consider the triple vector three-point function,
given by

TYVV (ky, ko, ks)
/ d*k T { 1 1
= — g 1r v «
ent - PP (km) P (kam)
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x 1} ) (113)
P (K3, m)
which can be conveniently written as
T (k1 ko, ks)
= 4[Tpval + gua [T5 77 (K1, ko, k3)] (114)

+9gu [TEPY (K1, ko, k3)] + gpa [TEVE (K1, ko, ks)] -

Again the V PP structure appearing must be understood
as a compact representation for the terms involved in the
traces. The introduced tensor Tz, , on the other hand, is
given by

Tsva

= 16 [I380a (K1, k2, k3)]
+8 (k2 + k3),, [I30 (K1, k2, k3)]
+8 (k1 + k2), I3pa (K1, k2, k3)]

+8 (k1 + k3) g [L3va (K1, k2, k3)]
+4 k1o (k2 — k3), + k1, (k2 + k3),,
+ (k3akaw + kaaksy)] [I3s (k1, k2, k3)]

4 [km (ka + k3)o — ko (k2 — ks),

+ koaksg + ksakog] [I3u (K1, k2, k3)]

+4 [kw (k2 + k3),, + k1 (k2 + k3) 4
)

+ kavksg — ksukog] [Isa (K1, k2, k3)]
+4 [klﬁ (k2yk3a + k3uk2a)
+k1, (k2aksp + kogksa)

+ k1o (kovksg — kavkop)] [I3 (K1, k2, k3)] . (115)

In order to complete the calculation the substitution of

the results for the Feynman integrals appearing in the

expression above becomes necessary only. By using the

results (92), (91), (88), and (87), we write the tensor T, as
T,@tla

= Tﬁua + {gav (qﬁ + pﬁ) + Gap \P (
g (0 = 200)} [ 5 ()]

+4{9pv4a + gappv + gav (45 +pp)} (—100)
+4 (9appv + gupPa + gorpp) (2701)
+4(9apqv + Gvpda + garqs) (21m10)
+4pspupa (402 — 4£03)

+44390qy (4€20 — 4€30)

+4papaqy (2611 — 4€12)

+4qppaqy (2§11 — 4€21)

—2q,)
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+4psgaqy (2620 + 2611 — 4&21 — 210)
+4¢spapy (2802 + 2611 — 4&12 — 2601)
+4pspuga (4611 + 2802 — 4€12 — 2801)
+4q3qapy (4611 + 2820 — 4€21 — 2&10) , (116)
where
1
T,E{h/oz = _g (k? + ]{7;7 + kg) (Dnﬂva)
1
Jré (a5 +ps) (Dav)
1 1
76 (Qqu *Pv) (Aaﬂ) - 6 (2pa - QOz) (Aﬁv) .
On the other hand, we get
TVPP( 7q)
—2(p+q)5 [Tiog (m?)]
+2i (4m) 2 (J,B{Zo (¢%;m?) + p*&o0 (p, q)
+ ((p —q)®—p* - qz) &10 (p, q)}
—2i (4m) p@{Zo (p*;m?) + ¢*¢o0 (p, q)
+ ((p*q)2 -p° *qz) ¢o1 (p, q)}7 (117)

TPV =220, = o) [Tiog (m)]

—2i (4m)~° qu{Zo ((p —q)° ;m2) + Zo (¢*;m?)
0)?) (€w)}
+2i (4m) " . { Zo (v m?) — ¢ (00)
+ (p2 ~¢ = (p—aq) ) (&n)}
TV" =2(2pa — ga) [liog (m*)]
+21 (4m) % qu{ Z0 (0 — @) sm?) +
+ <q2 "= (-9 ) (510)}
—2i (4ﬂ)72pa{Zo ((p —q)° ;mQ) + Zo (p*sm?)
+4* (éo0) + (v 07) €}, (119)

which completes the calculation of the VVV amplitude.
Finally, we consider the evaluation of the four-point func-
tion.

+p* (€00) + (q2 -’ +(p—
(118)

p2 (00)

—q+(p—

6.4 The four-vector four-point function

As an example of a calculation of a Green’s function of
the perturbative calculations having four fermionic prop-
agators, we consider the four-vector four-point function,
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given by

T;K/‘;gv (kh k?; k37 k4)

/;;’;Tr

1 1
) P/(/fa,m)’mpl(k%m)}'

After performing the Dirac traces, and some algebraic ef-
fort, it is convenient to identify the decomposition

1 1
{V“Pfucl,m)””Pf(/@,m)”“

(120)

Tyes’ (p,g,7)
was (0,0 7) + gap [T 8 (p,q,7)]
o [Tag Y (0:0,7)] + gua [T (0,0,7)]
+9us [TV (0,0,7)] + gua [T 7Y (9,0,7)]
+9us [Ty V" (p,4,7)] (121)
— (9uv9as + 9usIva — Guagus) [TFFFF (p,q,7)]

where we have identified the terms in the traces operation
proportional to tensor metrics with those corresponding to
the four-point function amplitudes VV PP and PPPP. In
addition we have introduced the tensor T),,3
Ztua,@
= 8Lapvap (¢ 7)1 + 4py [Lapap (P, 4, 7))
+47A;L [I4uaﬁ (pv q, T)]
+4 (T + q)g [14/,1,1104 (p7 q, 7‘)}

+4 (p + Q)a [14;”/6 (pa q, 7")}

+2 [7’[3 (P+q)y —7Ta(p—a)s+aspa + Qapﬁ]

X [y (P q,7)]

+2 (pury = pur) aap (P, ¢ 7)) + 2 (Puqa + Pady)
X [Lapp (ps q;7)]

+2[rgpy +rupp + Puas — Pl Lapa (P, ;7))
+2(raqu +r198) Lava (s q,7)]

+2 [ra (p q)u +ryo(p+a),| Haws 0, q,7)]

+ [Py (gars + ragp) + 10 (48P0 + dapp)
+ v (rgPa — Tapp)] Lap (P, 4,7)]
+ [pu (T390 + 7a4s) + T (4pPa + Gapp)
raps)] Law (P g, 7))
Pu (1098 +15q)

+ qu (Tﬁpa -
+ [Tu (g8
+qu (rﬁpu + Tupﬁ) [I4oz (p, q,T )]

— QuPp

) =
]

+ [Tu (pVQa + paQu) qu (pﬂ‘a + poﬂ"l,)
]

+pu (Toqu/ - Tu‘]oz) 1 [4[3 (pa q, 7’)] . (122)
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From the results of the integrals listed in Sect.5 it is an
easy task, but a tedious one, to obtain expressions for the
above amplitudes. We do not present explicit expressions
for these calculations because their length is prohibitive.
As an example, by using the results (94), (87), and (81)
we can write out the four-point PPPP amplitude as

TPPPP

= 4 [Tog (m?)]

-2 [ZO (u2,m2) + Zy (qz,mQ)] —2(r-p)&oo (r,p)

—2[¢®+(r-p)—(r-q) — (p- )] &oo (u,t)
—2[r* = (r-q)] oo (r,9)
2[p* = (p- )] €00 ()

+ (r*s® — ¢®u® + p*t?) Cooo (P, ¢, 7) - (123)

Our main purpose have been, at this point, fulfilled which
is to show how the proposed systematization works in the
calculation of physical amplitudes. However, another im-
portant aspect involved in perturbative calculations can be
also considered which, within the context of our procedure,
became very simple and transparent: that is the verification
of relations among the Green’s functions and, consequently,
of the associated Ward identities. We perform such a task
in the next section.

7 Relations among Green'’s functions

The procedure which we have described to systematize the
perturbative calculations in QFT is undoubtedly very gen-
eral once no particular assumptions have been made in the
intermediary steps of the calculations performed when the
involved integrals are divergent quantities. However, it is
easy to note that in the results obtained for the calculated
amplitudes, there are many kinds of arbitrariness which
only can be removed after the adoption of a certain set of
choices. Usually such choices are made automatically when
a regularization or equivalent philosophy is adopted. The
aim of the procedure adopted in the present discussions
is the preservation of the general character as much as
possible. Therefore, the relevant question at this moment
is the following: do the manipulations made preserve the
relations among Green’s functions which can be stated at
the level of the integrand? The answer for this question
is very relevant because the preservation of the symmetry
relations pertinent to the evaluated amplitudes are inti-
mately connected to this aspect. Having this in mind, in
the present section, we consider the verification of the re-
lations existing among the considered amplitudes without
assuming specific choices for the intrinsic arbitrariness in-
volved in the calculations, i.e., in spite of having arbitrary
pieces we will verify if the relations are preserved by the
manipulations made.

We start by considering the V'V two-point function. It
is immediate to note the identity

”{””ufwin—m”“(m/;)—m}
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1 1
= ’YV - ’YV
k+ ki —m k+ k2 —m
which, after taking the Dirac traces and integrating over

the k£ momentum in both sides, allows us to identify a
relation between two physical amplitudes, which is

(124)

P (kiska) = T) (k1) = T (k2). (125)
In a similar way we can also state that
P'TyY (kyke) = T) (ky) = T, (ka). (126)

The above relation tells us that if we explicitly calculate the
T,V (k1, k) and after this contract the obtained expression
with the external momentum, we must identify, in the so
obtained result, the difference between two one-point vector
functions with internal lines carrying momentum k; and ko
(which are arbitrary). We have evaluated explicitly both
amplitudes involved in the above identity so that we can
verify if the relation is preserved by the obtained results.
Contracting the expression (111) with the momentum p,
we note that the finite part is removed and we see that

puT;X/V (kla k?) = p/LAul/a (127)
where A, was defined in (112). Next it is simple to reor-
ganize the remaining terms to see that

P A =T (k) = T) (ka), (128)

P A =T, (k) — T, (k2), (129)

which implies that the relations between the V'V two-point
function with the one-point vector function are preserved
by the manipulations made. Note that the relations are
preserved without any assumption about the undefined
quantities so that it can be preserved by any reasonable
regularization method. The constraints imposed by the
symmetry implications over the amplitudes we consider in
the next section.

Now we consider the triple vector triangle amplitude
and their relations between the V'V two-point functions.
First we note the identity

1
m Yt fg)—m ”

v 1
p{%%k+kn—

1
X(/k+/k3)_m}

1
Yk + ) —

_ 1
_’yu/k‘i‘/kl—

1 1
Y T P gm0
Again, after taking the traces and integrating in the mo-
mentum k a relation between two amplitudes of the per-
turbative calculations, the triple vector triangle and the
V'V two-point function can be identified, which can be
written as

P T (ki ko, ks) =Ty (ks, k1) — Ty (ks, ka).

(131)
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Similar relations can be stated taking the contraction with
the remaining external momenta. They are

(¢ —p)* T (ka1 ko, ks)
_Tgy (k1,k2) —
Ty (k1 ko, ks) =T,

Ty (k3 k1),
(k17 k2)

(132)
—TYV (ks, ko )133)

In order to verify if the obtained expressions for the involved
amplitudes are compatible with the identities stated above,
we take (114) and contract with the external momenta
of the vertices. Let us start by the contraction with the
momentum p,,, which is the incoming momentum according
to our convention. The contraction gives

v VVV
p Bav

= {pa (g5 + ) + P (¢a

+9as [P° —2(p- )]} [3flog (mQ)]

- 2pa)

+4{psga + gasD® + Do (45 +5)} (—100)
+4 (gapp® + PpPa + Paps) (2710)

+4(908 (P - 9) + PB4 +Pa%) (27701)
+4pppa {P? (—4&30) + (—4&21)}
+4qpqa {p* (—4&12) + (p (I) (—4&03) }
+4qppa {p* (—4&21) + (p- q) (—4&12) }
+4psaa {p* (—4&21) + (p- q) (—4&12) }
+4pspa {p? (4€20) + (0~ q) (2611) }

+44p9a (p - ) (4€02) + 4gppa (p - @) (2611)
+4ps4a (- q) (2802 + 2611 — 2801)
+4qpap” (2620 + 2611 — 2610)

+4pagap® (4611 + 2620 — 2610)

+4q3qap” (411 + 2802 — 2801)

Do [TYPP] + gas [P TFPY] + pg [TFVP]

+A;1,V (kh kS) - A;u/ (k37 k2) ) (134)

where we have conveniently completed the divergent terms
in order to identify the A,,, terms. The next step is the use
of the properties (38), (39), and (40) in order to eliminate
the &, functions having n+m = 3 in favor of those having
n + m = 2. Then we get

v VVV
P T30,

= {pa (g5 + pp) + s (40 — 2Pa)
+ 905 [P —2(p- )]} |:§Ilog (m2>]

+4pppa {222 ((p -9 m2) }
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Haaas {222 (0 — @)% im?) = 225 (¢ m?) |
+445Pa {*222 ((p —q)* ;m2) + Zo ((p —q)*; mQ)}
+4p3qa {—222 ((p —q)° ;m2> + Zo ((p -9 mz)}

+4{psda + gasp® + pa (g5 +pg) } (—100)

+49ap {P* (2mo) + (p- @) (2n01) }

+4pgpa {p* (2620) + (p - )(2511)}
+4qpqa {P” (4611) + (p - q) (402) }
+4qppa {p* (2620) + (p- ) (2611) }
+4paga {p* (2611) + (P - @) (2602) }
+4psga {p* (2620) + (p - ) (2611) }

+4psda (p - @) (—2801) + 4gspap® (—2&10)
+4pgap” (—2€10) + 443qap® (—2601)
Do [TVPP} + Gas [pVTyPPV] + s [vap]

+Au (K1, k3) — Ay (K3, k2) . (135)

Given the obtained result, we now use the properties (36),
(37) and (41) to eliminate the &, functions having n+m =

2 in favor of those having n + m = 1. Furthermore we use
the results (117) and (119) to get

P g};&l/jv

= g [gaﬁ (p— 0> +2 (P—a), (- q)ﬁ:| [Tiog (mz)]
_g (gaﬁqz + 2qaq5) [Ilog (m2)]
~29ap (p — q)°
<[4z, (0= 0*sm?) = 20 (0 — 0)*sm?)]
+290pq" [422 (¢%;m%) — Zo (¢%5m?)]
+4(p—a)s(p—a),
x {222 ((p —q)° ;m2) — 2o ((p —a)’ ”"2) }

~2(ppda + qsPa) {Zo ((p —q)? ;mz) — Zo (¢ m2)}
+4gsq0 {222 (4% m?) + Zo (4% m?) }
&10) + (p- @) (—o01)}
10) + (p-q) (—&o01) }
—2paqsp? (—€00) — 2P3dap” (—E00)

P k1, ks) — TP (ko ks)]
Ay (ks ko).

+4qspa {p* (—

+4psaa {P* (-

+9ap [TP

+A, (ki ks) — (136)
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In the last step we eliminate the &,,, functions having
n + m = 1 through the property (35) and note that the
expression above may be conveniently reorganized as

v VVV
Bav

= 2 00 0~ 0* + 260~ @) (0~ 0)5] [T ()]

—4(p—q)s(p—q),
X {—222 ((p —q)° ;m2) + Zo ((;0 —q)° ;m2)}

~4gag (p — q)
X [222 ((p —q)* ;m2) - %Zo ((p —q)? ;m2)}
~Gap [T (o, k3)] — Ay (3, k2)

2
-3 (9084° + 240qs) [hog (m?)]

+4qsqa {222 (¢*;m®) + Zo (¢*;m?) }

1
+49apq” [222 (¢%;m?) — 520 (q2;m2)]

+as [TFF (k1,k3)] + A (k1. k3) -

Finally, from the expression (111) for the V'V two-point
function we see that relation (131) is satisfied. It is not dif-
ficult to verify the relations (133) and (132) by performing
the same sequence of steps.

The procedure used above can also be adopted to
state four constraints to the four-vector Green’s function.
They are

THTV,;‘(;XV (k17 k?a k37 k4)

(137)

= Tyap” (ki ko ks) = Tp0" (ka, ks ka),  (138)
VTVVL%V (b1, ko, ks, k)

=T (kv ks ka) — Ty VY (ko ks, ks),  (139)
(q—p)* Ty Y3 (k1 ko, ks, ky)
=T5" (k1 ko ks) = TV (k1 ks, ks),  (140)
(r =) TV (k, ko, ks, ba)
=Ty (ki ko ks) = Ty0Y (ki ko, ka) . (141)

In order to verify if the obtained expression (121) are com-
patible with the identities stated above, we can follow the
same steps we have performed in the one-, two- and three-
point vector functions. That is, we first contract the ampli-
tude with the external momentum attached to the respec-
tive vertex. The next step is to use the properties (64)—(73)
in order to eliminate the (., and &, functions having
n+m-+1 = 4 in favor of those having n+m+1 = 3. From
the obtained result, we can use the properties (58)—(63) to
eliminate the (;,,,; and &,,,,; functions having n+m+1{ = 3in
favor of those having n+m+1 = 2 and so on. The divergent
parts can be conveniently reorganized in order to allow the
identification of the two triple vector three-point functions.
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8 Ambiguities and Ward identities

In Sect.6 we have evaluated, within the systematization
proposed, Green’s functions which are typical of the per-
turbative calculations. In particular, all the considered am-
plitudes appear in the context of QED. In all the evaluated
Green’s functions, having degrees of divergence higher than
the logarithmic one, it is possible to note the presence of
terms where the dependence on the internal momenta ap-
pear in ambiguous combinations (the summations of them).
This is expected since a shift in the integrating momen-
tum generates surfaces terms which implies that different
choices for the labels of the internal lines momenta lead
to different amplitudes, which characterizes ambiguities.
In the case of the vector one-point function 7)Y (k1) all
the terms are dependent on ki, which is arbitrary. For
the two-point function T, X,,V(kl,kg), we can identify the
ambiguous terms

(TIYVV) ambig

= (0" P7 = Ppf)
1

X 3 {[Daﬁuu] + Gra [A,uﬁ] + Jou [Asu]}

+poprP (142)
X {[Daﬁlw] — 9up [Aua] — YGap [AﬁV] — 39w [Aaﬁ}}'

Finally, in the evaluation of the triple vector three-point
function we see that

1
(T ) g =~

k! + ki + kD) (Oypva) . (143)
Concerning the symmetry relations the situation is similar.
The Furry theorem states that every amplitude which has
an even number of external vectors and only one species of
fermion at the internal lines must vanish identically. This
means that the amplitude 7)Y (k;) must be zero as well as
the symmetrized final states of the triple vector three-point
function, which we define as

TYYY = TNV (ks ko ko) + TYYY (11, la ) (144)
(¢ = l3—1; and p = I3 — ;) must vanish too. In the context
of gauge symmetries, like QED, it is required that all vector
currents are conserved. This means that all the contrac-
tions with external momenta must vanish identically. This
argument implies that for the vector one-point function

1
3

YT, (ki) = —4kf {kf [Vl + SRR RY (Do)
2

1 14
— SRR [ - =

kiukiakis [A%7] } :
=0, (145)
for the V'V two-point function,

pHTV‘LV (kh k?)
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1 1
= 1(9,0] 4 55 { 3 D] + 000 (4,0

2

+ Jau [Apy] — Guv [Aap] — ggaﬁ [A;w]}

1
+§ (pO‘Pﬁ _Papﬂ>
X {[Daﬁuu] + Gva [Auﬁ] + Gap [ABV]}
+P>PP
X {[Bapuv] — gus [Aval = gap [Apu] = 39w [Aapl},

= TVV(kQa m) - TVV(kla m) =0, (146)
and for the triple vector three-point function,
o pVoVV
(q - p) avg
= T3, (ki ko) — Ty, (ks, k1)
+Tuvﬁv (I1,12) = Tu‘?av (I3,11)
=0. (147)

Finally, for the symmetrized VV'VV four-point function,
we must have, for example, r#*T Xuzﬁv V'V = 0, which implies
a condition involving triple vector three-point functions.
Similar constraints can be stated for the remaining con-
tractions. All the above conditions for the ambiguities elim-
ination and symmetry preservation can be used to select
a class of consistent regularizations: that satisfying what
we denominated consistency relations, which are
re re,
Vi =0, = A 0.

Extensive discussions about this aspect can be found in [2,
24].

9 Generalizations of the finite functions
and their relationship

Through the proposed method to manipulate and calculate
divergent integrals, in the above sections we have been
learning how to systematize the finite parts of the one-,
two-, three-, and four-point integrals which are present in
the relevant amplitudes belonging to fundamental theories.
In particular, we saw that the finite parts of the integrals can
be organized in two sets of functions: the first set involving
the In function and the second one not. Although it is not
the main purpose of this work, in this section we show how
to extend those results to an arbitrary number of points
and at the same time to unify the notation.
Let us start by defining the first set of functions as

(n)

iy, (P15 D)
e 4 ,
= dzy .. doy [27 2] [Q (p1, s e )]
*Jo
Q (p1,21;- . ; Pk, Tk) "1
Qe 11y
k'=1
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and the second one, which is related to the 17( )...,‘k func-
tions, through a derlvatlve as follows:
3 )
(=" ).
511, s Tl 3Qn1+1 5 (149)
1 i1 23
:/dml...dxk; xl'.'xk ntio
0 (Q (p1, @153 PE, Tk
where k=1,2,3,...,n=0,1,2,..., and
Q (p1, 2153 Pk, Tk) (150)
k E k
=Y piw (L —w) =2 Y (pi-py) wiwy —m”.
i=1 i=1 j>i

We recognize that (148) is the generalization of definitions
(12), (23) and (45) and (149) is the generalization of (22),
(44) and (43). These two classes of functions are sufficient
to systematize any result (finite part) obtained for Feyn-
man integrals for an arbitrary number of points using the
proposed approach. As an additional comment we note

that the nl(ln)lk functions appear only in divergent inte-

grals, having a superficial degree of divergence given by

the uppercase index n, while the f ) appear in both,
finite and divergent.

It is a common task after evaluation of an amplitude to
verify if the symmetry content of the theory is still present
which, in general, is not trivial because of the divergences.
We have explicitly evaluated the one-, two-, three-, and
four-point vector amplitudes and verified their Ward iden-
tities. We saw that the verification of the Ward identities is

greatly simplified when convenient relations or identities

characteristic of f(n) 4, and n(n) 4, functions are iden-
tified. More speaﬁcally, we are referrlng to the relations
(35)—(73). Then, it is relevant to study their generaliza-
tions.

First, as a matter of notation we define

ik

nEn(plv"'apk})7
n,En(p27"'7pk)a

[/ —

n" =n(p1—p2,---,p1 —Dk)-

In order to achieve the desired results we can integrate (148)
by parts. By simple algebraic manipulations we can write

plnll
e : 1 ((0Q
- d d i1—1, i ik a2
i | o do e} mk}<axl)
Q ~ 1
XQn {ln —m2 72@
k'=1
k
_Z (pl 'pj) dx dxk
x |zt x;’__fx;jH ;’ﬁ }
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£1)

k=1

coday [P 2R 2]

n Q ~ 1
xQ {m_mQ—Zk,},

k'=1

(151)

or, in a more convenient form,

2, (n)

(n)
plnll A + (pl ']72) ni?fl,inrl,is,m,ik LR

+ (p1 - k) 775?21,1‘2,...,%,1,%-;-1 (152)

i1 [ 0Q

1 5 ()
§p177:—1,z'2,..‘,ik'

1 1
=—-—— dzy ...

Q n 1
n
xQ {ln<_m2 -y =
k'=1
Here we have to keep in mind that the conditions i1 + i3 +
.+ =1,2,3,... with i; > 0 must be satisfied. Next,

we evaluate the first term on the right hand side, which
we call I, using integration by parts:

11— 1 12
dxy, [;Cl To ...

1 ! 0
= —— —
(n—l—l)!/o dzy...dz O0x;

n+1
e () £ )
k'=1

-1 )
:Ll+ ol / dzy .. da:k “ Qx?...xz’“] Q"
n+1
Q 1
k=1
With the identity
N i1—1
1= @
j=2
7;171 lz lk—l )
DI S R SR
Io=013=0  [,=0
Cit 1, (154)

(=1) (i = 1)!
(i1 —lo — D)1 (s —I5)1 (15 — L)l - 1l

we can write

I=(01-01%)
71 —1 l2 lk 1
2 DID IS DR
i tlo—ls,..in+1,
1o=013=0 lk=0
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Relations like the left hand side of (156) and (157)

— 51,1‘1772'2,...,% naturally emerge when we contract a calculated amplitude
with an external momentum. As shown before, recursive use
(nt1) of the above expression makes the verification of the Ward
— (i1 —1) Mi1—2/ia,... ik identities an easier task. Even if anomalies are present, by
51k (1— 6, e+l applyinglthc above relations, the expected anomalous term
3 52
_ ) Z = (155) ©merges ina natural way [25].

However, note that the above relations do not represent
the whole set of possibilities. Similar relations could be
found using the momentum interchanging symmetry of

the n{™ (and fz(f)“) functions

110005l

where § represents a Kronecker delta symbol. Finally, we
get a recurrence relation
pfm(l,) i T (p1 - p2) 77521,1‘#1@3,...,@ t+... (n) (n)
(n) iy, vin (pl’ s 7pk) = Mg yig_1yiasigan s (pl — pj) )
+ (- pk)nn 1,i2,0ik—1,0k+1
ntl as we have seen in detail in Sect.4. If we perform this
_ Ok (1—061,4,) n+1 Z 1 operation in (157) we get a system of equations which

2(n+1)! =k we can solve showing that all n-point functions can be
reduced, in the end, only to functions with i1 =i = ... =
_ (1—61k) i, = 0. Explicitly we have to solve the following system of
2 linear equations:
ilfl l2 lk 1
¢, )ty p1-PLP1L P2 - D1 Dk
Z Z Z il g lo =g, i+l
15=013=0  1x=0 b2-p1pP2-pP2...-P2 Pk
IR Pk D1 Dk P2 - Dk - Pk
n s, by
L. (n+1) L o (n) (n) b
t3 (1= )m, Soly i T S P i (156) o | Tt | _ [ 2
The corresponding relations involving thef ., functions (n) b.
are obtained from the equation above by a dlﬁerentlatlon Wiy —1ia,..yig—1ip+1 k
as clearly shown in (149). For completeness we show also . .
the result or, in a compact notation, A{ = B where a;; = p; - p; and
PR o+ 01 22) €07 i by (P, 2x)
+1
+ (pl pk) le 1ig,..ip—1,06+1 _ 51,k (1 - 51,2'1) (_mg)n+1 ni: l
| /
2N (A —=duk)
i1—1 o lp—1 2

E E E C“
71—1 lg lk 1
12=013=0 1, =0 Czl l/(n+1)
Z Z Z D Migtla—ls,. ip+1g

"(n—1) 11(0) lo=013=0 Ix=0
{(1 —do ”) glerlz lg,ig+ly 6077"ni2+l27137-~~:ik+lk:| U "
/(n+1)
n—1) 0 - 61 A
— 01,4, {(1 —do,n) 512,,.. i, — 00, n77/( ) ] 1 iz
. 1. (n+1) 1 2 (n)
i1 . = =)™+ sp™ (158
7( 12N ) |:(1 . 60 n) 51(?_21,)1'27“.,% 7 607717’2(?)_271'2,“7%} ) ( 1 )77 1—2,82,...,0 2 pin 1—1,i2, k ( )

O1p(1=014,)(1=d0p) 1 2 (n) or, in general, b; (p1,...,pr) = b1(p; <> p1) withiy =4;+1
IN (—m2)" + P15~ Lz, (157)  and i; = ¢1 — 1. Inverting the matrix A we get the following
recurrence relation:

k k

1 , _ Aq;b;

Wt =Y =Y A s
1ifn=0. j=1 j=1

+

with
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where A;; is the cofactor of a;; which can be easily obtained
for each specific number of points in a kinematical situation
with det A # 0. Specifically, setting n = 0,k = 3,i; =
1,42 = i3 = 0 in (159) we get the reduction (29) and so
on. By recursive use of the above relation it is possible to
reduce all functions nz(ln)zk to functions with i1 = iy =
... =1 = 0. This type of reduction is useful, for example,
in applications where we are interested in numerical results
because within this procedure we have to manipulate only
a low number of mathematical structures saving, in this
way, considerable computational time.

10 Conclusions

In the present contribution we considered a systematiza-
tion for the evaluation of Feynman integrals which are
typical of perturbative calculations in QFT’s. In the pro-
posed strategy, it is possible to avoid the use of an explicit
regulator in intermediary steps and the calculations are
performed by taking arbitrary choices for the momenta of
the internal lines. With this attitude two important types
of arbitrariness are preserved in the calculations; the choice
of the regularization and the choice of internal lines mo-
menta labels. Given this fact the results for the considered
integrals can be converted to the corresponding ones of any
specific regularization as well as other philosophies like that
which consider the evaluation of surface terms in divergent
physical amplitudes. In the proposed calculational strategy
two types of systematization are introduced: one for the
divergent parts, and another one for the finite ones.

The divergent content of all Feynman integrals are writ-
ten in terms of five objects. Two of them are the basic diver-
gent objects Iiog(m?) and Iqyaa(m?) which are irreducible
and will invariably be absorbed in the renormalization, in-
dependent of the mathematical form assumed which will
depend on the specific regularization adopted or could be
fitted by physical observables in effective nonrenormaliz-
able theories [24]. The remaining three divergent standard
objects Uaguw, Auy and V,,, are differences between di-
vergent integrals of the same degree of divergence. Their
values are dependent on the specific regularization or the
equivalent philosophy adopted. The relevant dependence
of a perturbative calculation on the regularization resides
in the value attributed to these three objects. Concerning
the ambiguities associated to the arbitrariness involved in
the choice of labels for the internal lines momenta, the sit-
uation is also very transparent. Only terms involving the
objects Uaguw, Ay and V,,, are potentially ambiguous.
The analyses of Ward identities, on the other hand, re-
vealed that all potentially violating terms are proportional
to the objects Oaguw, Ay and Vy,, even if they are not
always ambiguous.

The systematization for the finite parts is made by
the introduction of a set of structure functions, one for
each number of propagators. For two-point functions all
the results can be written in terms of Zy(p?;m?) which
can be reduced to Zo(p?;m?). For integrals having three
propagators the systematization is obtained through the
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structure functions &, (p, ¢) and 1, (p, ¢; m?). These two
sets of functions are also connected. In fact, all the func-
tions 7nm (p, ¢;m?) can be written in terms of &, (p, q)
which, in the end, can be reduced to only &g (p, ¢) . This
means that all three-point functions can be written in
terms of £go(p, q) and Zo(p?; m?). These reductions, on the
other hand, involve relations among the functions &, (p, q),
Nam (P, ¢;m?) and Zi(p?; m?) and combinations of such re-
lations are crucial for the verification of relations among
Green’s function or Ward identities having three and two
propagators. In the case of Feynman integrals having four
propagators, the systematization is obtained through the
structure functions which we call Cpmi(p, ¢, 7), Enmi (P, ¢, 7)
and N1 (p, ¢, 73 m?). The last two functions can be related
t0 Cnmi(p, g, ) which can be reduced to only (poo(p, q,7).
This means that all four-point functions of the pertur-
bative calculations can be written in terms of (oo (p, ¢,7),
€00(p, q) and Zy(p?, m?). Combinations of such relations are
crucial properties when the verification of relations among
Green’s functions and Ward identities involving four and
three points are considered. These systematizations can
be easily extended to higher number of points, as shown
explicitly in Sect. 9 where a set of recurrence formulae was
presented which unify the notation and generalize the rela-
tions and reductions of finite structure functions considered
in Sect. 4.

The convenience of the above mentioned systematiza-
tion has been shown in Sect.6, where the evaluation of
physical amplitudes of the perturbative calculations was
considered and, in Sects. 7 and 8, where the relations among
the involved Green’s functions are verified. It was shown
that the calculations can be performed by taking the most
general expression for the involved amplitudes. A clear and
transparent description of the potentially ambiguous and
symmetry violating terms as well as their regularization
dependence character is obtained. Besides, such decom-
positions emphasizes in a very clear way physical aspects
relative to unitarity which are contained in the pertur-
bative amplitudes and, in addition, allows a simple sys-
tematization for the study of kinematical limits of physical
interest. Another aspect, which is important to emphasize,
is the dimensional extension of the adopted procedure. In
every previously chosen dimensions it is possible to iden-
tify the basic divergent objects and the structure functions
for the finite parts of the n-point Green’s functions, and
to construct the analogous reductions and relations iden-
tified in the present discussion to consider the relations
among Green’s functions and Ward identities associated
with them [23]. In the same way, the extension to more
than one loop is perfectly possible. New basic divergent
structures and other classes of structure function will ap-
pear.

Finally, we would like to call attention to the univer-
sal character of the proposed treatment of divergences in
perturbative calculations of QFT’s. In fact, a divergent in-
tegral is not really evaluated. Only general properties for
the divergent integrals are required to be assumed in order
to evaluate physical amplitudes in a consistent way (am-
biguity free and symmetry preserving). No explicit form
of regularization needs to be assumed for any purposes in
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perturbative calculations. Every amplitude can be viewed
on the same footing and treated in an unique way. The suc-
cess of regularization prescriptions, as well as their incon-
sistencies, can be clearly understood within the proposed
strategy. Generalizations for more general cases, like that
involving different masses for the propagators and two loops
as well as for other space-time dimensions, are presently
under way. In the investigations presently performed, all
the results are in perfect agreement with our expectations.
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